ASTATICS.
On Astatic Couples.
1. THE conditions of astatic equilibrium in two dimensions have already been investigated in the first volume of this treatise. We have now to consider what other conditions are necessary when the body is displaced in any manner in three dimensions*.
* The subject of Asiatics appears to have been first studied by Moebius, who published his results in his Lehrbuch der Statik, 1837. Moigno also, in his Statique, has discussed the subject at great length. Minding in the fifteenth volume of Crelle's Journal gave the theorem that, whenever the body is so placed that the forces admit of a single resultant, that resultant intersects two conies fixed in the body. Many proofs have been given of this curious theorem; we may mention that by Darboux, Tait's proof by quaternions modified by Minchin; Larmor's proof with the use of the six coordinates of a line.
Darboux published in the Memoires de la Socigte des Sciences physiques et naturelles de Bourdeaux, t. n. [2e S£rie], 29 Cahier, a very long paper on this subject. In contradiction to Moebius, he showed that when one point of a body is fixed there are in general four positions, and only four, in which the body can be placed so that the forces are in equilibrium. These he called the initial positions of the body. His investigation is rather long and a different proof is given here. He also introduced the idea of a central ellipsoid analogous to the momental ellipsoid used in discussing moments of inertia. This result is given in Art. 14 of the text, and the general lines of his argument have been followed in that article. By the use of this ellipsoid he gave a geometrical turn to the proof of Minding's theorem, but it remained rather complicated. Extending the theory by considering all positions of the body, he showed that Poinsot's central axis formed a complex of the second order, such that each straight line is the intersection of two perpendicular tangent planes to the conies used by Minding. The first part of this result was subsequently arrived at by Spmoff in 1879.
The theorems on Astatics given by Moigno may be found in his Lefons de Mecanique Analytique, 1868, which he tells us are chiefly founded on the methods of Cauchy. As his demonstrations are different from those given in this treatise, it may be useful to indicate the plan of his work. First, by a transformation of axes, he obtains the twelve equations of equilibrium given in Art. 11. Thence he deduces the conditions that a system of forces can be astatically reduced to a single force by considering what single force can be in equilibrium with the system. Supposing these conditions not to be satisfied, he shows that the system can be reduced to two forces provided two conditions are satisfied. These conditions agree with the two last determinantal equations given in Art. 73. He next shows that the system can always be reduced to a force and two couples and that the point of application of the -force may be arbitrarily chosen on a plane fixed in the body. This plane is defined to be the central plane. He then shows that if the arbitrary point is properly chosen the directions of the forces and of the arms may be simplified in the manner described in Art. 27. This point is defined to be the central point. Proceeding next to consider the case in which the body is so placed that the forces admit of a single resultant, he shows that that single resultant must intersect two conies fixed in the body. He next discusses the case in which the equilibrium is astatic only for displacements of the body round a given axis; following the same plan as before, he enquires into the conditions that the system can be reduced to one, two or three forces. He concludes with an application to magnetic forces and investigates the positions of the central plane and central point.
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